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Department of Mathematics, University of Strathclyde, Glasgow,
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This article illustrates the use of moving mesh methods for solving partial
differential equation (PDE) problems in Q-tensor theory of liquid crystals. We
present the results of an initial study using a simple one-dimensional test problem
which illustrates the feasibility of applying adaptive grid techniques in such situa-
tions. We describe how the grids are computed using an equidistribution principle,
and investigate the comparative accuracy of adaptive and uniform grid strategies,
both theoretically and via numerical examples.

Keywords: adaptive grids; moving meshes; nematic liquid crystals; order
reconstruction

1. INTRODUCTION

The mathematical theory of liquid crystals has been extensively
studied for over 75 years (for an introduction to many of the important
ideas, see [1]). However, to date there has been much less work done
on the numerous interesting and important numerical analysis issues
which the study of such materials raises. Often, the underlying
physical problems involve characteristic length and time scales which
vary by many orders of magnitude, or complex combinations of fluid
flow and changes in orientational order within a liquid crystal cell.
Such features provide difficult numerical challenges to those trying
to simulate the real-life dynamic situations which are of interest in
an industrial setting.
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It is well known in the numerical analysis community that adaptive
or moving mesh methods are capable of resolving solutions with vastly
different length scales to acceptable degrees of accuracy without using
an excessive number of grid points. There are two main strategies in
common use. The first of these is so-called local mesh refinement,
where extra nodes are added on a local basis in regions of high error
(h refinement) or the degree of the polynomial approximation is
increased, again based on local errors (p refinement). There are sev-
eral examples in the literature where such ideas have been success-
fully applied to liquid crystal problems. For example, in papers by
Fukada and co-workers, a scheme of this type based on the adaptive
finite element mesh refinement work of Oden et al. [2] was used to
model static defect structure for certain axisymmetric geometries in
two and three dimensions [3,4]. Patricio et al. have also used an
h-refinement scheme based on local error estimates to investigate
colloidal interactions in smectic-C films [5,6]. In addition, the static
configuration of defects in a two-dimensional representation of a
ZBD device has recently been investigated numerically by Mottram
and Newton [7], again using spatially-adaptive finite elements.

Although local mesh refinement techniques can produce good
results, they often rely on very complicated data structures which
require modifying frequently as nodes are added to or removed from
the grid. Here we focus on the second common strategy for grid adap-
tivity, namely using mesh movement (known as r refinement), where
grid points are moved to regions of high errors while maintaining the
same grid connectivity. For these methods, the adaptive grid is gener-
ally constructed as the image under a suitably defined mapping of a
fixed mesh over an auxiliary domain (see Section 3.1). The advantages
include relatively simple implementation, comparatively easy
extension of existing software for fixed mesh methods and minimal
numerical diffusion and dispersion (that is, the shape and speed of
time-dependent features of the solution are accurately reproduced).
In this article, we investigate the use of moving mesh solution techni-
ques for a simple one-dimensional (1D) Q-tensor model of a nematic
liquid crystal cell, with the aim of establishing the feasibility of these
methods in the accurate representation of regions of high elastic dis-
tortion (defects) in novel liquid crystal display devices. Construction
of grids that dynamically adapt to features of the computed solution
in this way is currently an area of intense research activity in
numerical analysis, but to our knowledge such r-refinement methods
have not yet been used for applications in liquid crystals.

Most moving mesh methods can be classified into two groups:
velocity based methods which calculate the mesh velocity directly
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(e.g. moving finite element methods [8], geometric conservation law
methods [9]), and location based methods which directly control the
mesh points themselves (e.g. equidistribution based methods [10,11],
harmonic mapping [12]). A comparison of these two classes is given
in [13]. One key feature of velocity based schemes highlighted therein
is the tendency for the calculated meshes to become increasingly skew,
a problem which can be addressed by remeshing (although this may be
expensive). We have therefore chosen to focus on the more established
location based methods using equidistribution principles.

The structure of the article is as follows. We begin with a brief
description of the basic ideas involved in Q-tensor modelling, and
introduce the 1D model problem to be studied in this article. Section
3 contains an explanation of the concept of equidistribution and sets
out the moving mesh algorithm used. In Section 4, the convergence
rate and accuracy of uniform and adaptive grids is compared via a
theoretical example, while Section 5 presents the results of numerical
experiments which confirm that these results hold in practice for the
1D nematic liquid crystal cell studied.

2. A SIMPLE Q-TENSOR MODEL IN ONE DIMENSION
2.1. Q-Tensor Theory

The most general configuration of molecules in a nematic material is a
biaxial state. The standard director-based description of this state
involves the specification of two directors (n and m) and two scalar
order parameters (S; and Sg). This results in a theory based on five
degrees of freedom, namely, the Euler angles ¢, 0,  and the order
parameters S; and So (see for example [7]). In Q-tensor theory, the
same information is represented by the second rank tensor

Qle(n®n)+Sg(m®m)—%(Sl +S9)I, (1)

where I is the identity [14]. This tensor, which is symmetric and has
zero trace (as [n| = [m| = 1), can be written in general as

q1 Qg2 qs
Q=92 qu qs (2)
g3 g5 —q1—4qa

involving the 5 quantities ¢;, 7 = 1,...,5. A detailed description of this
model is given in [7].

For static problems, the equilibrium configuration of the dependent
variables can be found by solving the set of differential equations
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which result from minimising the total free energy F of the liquid crys-
tal sample. If it is assumed that distortions of Q are small, 7 can be
taken to depend only on Q and its first derivatives, that is, we may
write

f:/VFbulk(qiavqi)dv+/SFsurface(Qi)dS~

In this article, we apply fixed boundary conditions (strong anchoring),
so the surface energy term can be ignored in the minimisation. Taking
the elastic energy up to second order in the gradient of Q, the bulk
energy can be written as Fpuk = Fihermotropic + Felastic = F¢ + Fe, with

F,= 1A(T ~THtrQ? — @B trQ° + 1(1(1:1"622)2,
B 3 4 (3)
F, — %Ll(din)Q +%L2\V x Qf,

where A, B, C, L and Ly are positive constants, T represents tempera-
ture and T* is the pseudocritical temperature at which the isotropic
phase becomes unstable (see [15]). The values for these material
constants used here are

Li=97x10"2N, Ly=24x10"'2N,
A=0.13x105J-Km™3, B=16x105J-Km3, C=3.9x105J-Km3,

(taken from [16]).

For computational purposes, it is useful to non-dimensionalise the
equations (3) with respect to the nematic coherence length
{=+/9CL3/(2B?%) = 4.06 x 107°. Using a value of T — T* =-0.38°C
results in the scaled parameter values (denoted by ) Lis = 4.0417,
A; = —0.33682, B; = 10.969, and C; = 26.736.

2.2. A Uniaxial 1D Model

For a uniaxial model, only one director and one order parameter are
required, with associated Q-tensor

Q@S(n@né]) (4)
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If in a 1D model of this type we take the z-axis in the direction of n, (4)
simplifies further to give

~1 9

3 3
=50
0 O

that is, Q depends only on the scalar order parameter S. The free
energy density can be therefore be minimised (and hence the equilib-
rium configuration of S identified) by solving a single Euler-Lagrange
equation for S, subject to suitable boundary conditions.

Here we study the variation of S in a sample with homogeneous
uniaxial alignment in the one-dimensional domain Q; =z € [0,d;].
Note that this domain has been scaled in accordance with the above
non-dimensionalisation, that is, the true length of the physical domain
is d microns where d = d;{. For this model problem, the expressions
for the energies in (3) simplify to

2
F,—1as? —%BSS?’ +%css4, F, - (M> (88) )

w © O

) 6 0z

The governing differential equation for S is therefore the Euler-
Lagrange equation

% _% (%) =0=8"= ZL?fi o 2L?fi 7S +%Ci1s3'
Writing
L, A, 3B _ 3C
2L+ 1 2L, +1 2L +1
this becomes
S" = aS — pS% 4 yS3. (6)

We solve this subject to the boundary conditions S =0 at z =0 and
S = 8., at z =d,. That is, at the left edge of the domain the sample
is isotropic, and at the right edge, S has reached its equilibrium
value of S.4, which is the equilibrium nematic scalar order parameter.
The value of S.,, which minimises F; in (5) over S, is S, =
(Bs + /B2 —4A,C)/(2C,) = 4.3896 x 101,
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We can obtain a numerical approximation to the solution of (6) as
follows. Multiplying both sides of (6) by S’ and integrating gives

S'S" =8'(aS — pS% 4 yS3) = 8’ = \/ch2 - ?SS +%S4 + 2¢1

where ¢; is the constant of integration. To evaluate this constant, we
apply the given boundary condition S =S., at z =d, and make the
additional assumption that S’ = 0 at z = d;. This will be the case if
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FIGURE 1 Comparison of energy expression and solutions for F; (solid) and F,
(dashed). (a) Energy polynomials F, and F, plotted against S, (b) solutions com-
puted with F, and F, for d = 0.1 microns, (c) solutions computed with F, and F,
for d = 1 micron, (d) solutions computed with F; and F, for d = 10 microns.
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ds is large enough, as S varies rapidly near z =0 then quickly
approaches the equilibrium value. With this assumption, we have

1 2
c1=-3 <aS§q — ?ﬁsfq + %qu)
so, writing
2p Y
Q2 3., 7q4
G(S)=0aS 3S +2S,

we obtain

and integration gives

S(z) z

/ ds - / dz =z. (7)
o +G(S)—G(Syq) Jo

An approximation to the solution can therefore be obtained using a
numerical evaluation of (7) for various values of S. These approxima-
tions for regions of length d = 0.1,1,10 microns are plotted using a
solid line in Figures 1(b), (¢) and (d). Note that, for reasons of clarity,
these plots show z € [0,d /2] only. In each case, the solution features a
boundary layer of width approximately 25 nanometres, which occupies
a smaller proportion of the total cell length as d increases.

3. MOVING MESH METHODS
3.1. Mappings and Equidistribution

It is well known in the numerical analysis community that adaptive
moving mesh methods are capable of resolving solutions with sharp
transitions such as boundary layers to acceptable degrees of accuracy
without using an excessive number of grid points. The idea is that
instead of selectively refining and derefining the mesh, existing points
are moved to regions of high error while maintaining the same grid
connectivity.

For this type of adaptivity, the new mesh is usually constructed as
the image under a suitably defined mapping of a fixed mesh over an
auxiliary domain. The idea underlying many such mappings is an
equidistribution principle, originally introduced by de Boor [17] for
solving boundary value problems for ordinary differential equations.
The aim is to select grid points in order to limit some measure of the
solution error (defined using a monitor function) by distributing it
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equally across each subinterval. As an example, suppose we are
solving on a physical domain Q, =[0,1] for an unknown function
u(z,t). To generate a grid, we look for a mapping from computational
space Q. x (0, T] say (where Q. is usually taken to be the same as Q,) to
physical space Q, x (0, T] such that, in the transformed variables, the
variation of the selected monitor function is reduced. For example, if z
and ¢ denote the physical and computational coordinates, respectively,
a one-to-one coordinate transformation between the domains is
denoted by

r=z2(6t), €Q.=(0,1), te(0,T]
z(0) =0, z(1)=1.

We impose a uniform mesh on the computational domain, given by

gizﬁa i:0717"'7N7

where N is a positive integer, and denote the corresponding mesh in
Q, by
0= Zo(t) < Zl(t) << ZN_l(t) < ZN(t) =1.

For a chosen monitor function M (u(z,t)), the one-dimensional
equidistribution principle (EP) can be expressed as

2(&)

1
M(u(s,t))ds = g/ M(u(z,t)) dz. (8)
0 0

This EP can be expressed equivalently in discrete form as

zi+1(t) 2i(t)
/ M(u(s,t))ds = M(u(s,t))ds, i=1,...,N—-1
Z,j(t) Zi—l(t)

or

2i(t) 1 1
M(u(s,t))ds:zv/o M(u(z,t))dz, i=1,...,N. (9)

Zi,l(t)

One major issue associated with the generation of adaptive grids
based on an equidistribution principle is the choice of a suitable moni-
tor function. This is particularly true for complicated PDEs and in
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higher dimensions. For this article, we restrict our attention to one of
the standard methods and choose M to be a measure of the arc-length
of a specified quantity, here the solution u(z). That is, we take

2
M(u(e,t)) = |+ (g—“ <z,t>) (10)

where u is a user-prescribed scaling parameter. Examples of the use of
other monitor functions for 1D problems can be found in [18-20].

3.2. Adaptive Solution Procedure

The moving mesh algorithm has two key components, namely, the
generation of a grid and the solution of the physical differential equa-
tion (Eq. (6)) on that grid. As (6) models a steady problem, an artificial
time scale is introduced and these steps are carried out alternately
until the mesh positions are no longer significantly changing.

In practice, the adaptive solution process was implemented using
MATLAB [21] and the COMSOL Multiphysics finite element package
[22]. The grid generation follows the method presented by Sanz-Serna
and Christie in [23] which is equivalent to equidistributing the
arc-length monitor function given by (10) over the interval [0,d]. The
solution of (6) on the new grid and the advancement of the solution
in time is carried out within COMSOL. Specifically, at each time step
(6) is solved using finite element approximation with quadratic
elements. The solution S is then updated in time via one step of the
COMSOL time-dependent solver, femtime. Note that the initial grid
points are uniformly distributed on [0,d].

4. ANALYSIS OF MESH CONVERGENCE
4.1. Analytic Test Problem

The aim of this section is to assess the level of accuracy obtained using
the moving mesh method described above and a traditional uniform
grid. To this end, we study a problem closely related to the model
problem in Section 2.2 but whose Euler-Lagrange equation has an
exact solution.

Specifically, we replace the quartic energy polynomial F; in (5) by a
simpler quadratic one, which we will call F;,. We choose F, to be the
quadratic which passes through the origin and has a minimum at
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the same point as F; (that is, at (S.q, Feq) Where Foq = F(S¢q)). This is
the quadratic polynomial

Fy(S) = %s(z - Sis)
eq eq

Plots of F,; (dashed line) and F; (solid line) in shown in Figure 1(a). The
Euler-Lagrange equation associated with the new total energy
F=F;+F,is

(9.7': d 0F " o__ 6Feq 1
%‘@(%) R C ARy (l‘s—eqs>'

Writing

6F.,,
Seq(2Lls + 1) ’

& p—
this becomes

S" = &(1— BS). (11)

With boundary conditions S =0 at z=0 and S =S, at z =d;, this
equation can be solved exactly to obtain the closed form solution

inh
S(2) = Seq (% ~ cosh pz + 1) (12)

where p =4/ |&B| Figures 1(b), (c) and (d) show a comparison of the
solutions to (6) and (11) given by numerical integration of (7) (solid
line) and evaluation of (12) for values of d = 0.1, 1,10 microns. It can
be seen that the shape of the two curves is very similar in each case,
with a boundary layer of width p at z = 0. Note that for the physically
realistic values of d considered here, tanh (pd;) ~ 1 so in practice
we use

Sex(2) = Seq[sinh(pz) — cosh(pz) + 1] (13)

to represent the ‘exact’ solution of (11).

4.2. Mesh Convergence

We now analyse the convergence of the adaptive grid obtained by equi-
distributing the solution arc-length in the above problem. Specifically,
we use the adaptive algorithm described in Section 3.2 with monitor
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function

M(S(z,t) =1/1+ (g (z,t))2

The resulting mesh trajectories (plotted against time) with N = 64 and
d = 1 micron are shown in Figure 2(a). Figure 2(b) shows a magnifi-
cation of the trajectories over the first ten time steps (the time step
size is 0t = le — 7). It can be seen that the node points move very
quickly in response to the presence of the boundary layer.

The behaviour of the error as a grid is refined will clearly depend on
the choice of norm used to measure that error. When considering pro-
blems with boundary layers, the appropriate norm is the maximum
norm: other norms involve averaging techniques which smooth out
the error and prevent the capture of local behaviour within the layer.
To measure the error e in the linear interpolant, S; say, of the solution
(13) to (11), we use the L., norm defined by

= S(z) - S 14
lellz. (0 = max [S(2) - S| (14)

and consider the L, error incurred on a uniform grid and on an adapt-
ive grid obtained as described above.

Suppose that S, (z) is approximated by its piecewise linear interpo-
lant, S;(z). From standard interpolation theory, there exists a positive

time x10°

FIGURE 2 Mesh trajectories for NV = 64 and d = 1 micron. (a) Node trajectories
against time, (b) Magnification up to time le — 6.
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constant c¢; independent of S(z) such that

2
lellz. ez < C1(2i —2i-1)7 1S5 ()], (15)

where 1; € (zi-1,2;). As

1S1,(2)] = |0*Seglsinh(pe) — cosh(p2)]| < p*Sey ¥z € [0.d],

on a uniform grid with z; —z;_1 = 1/N we have from (15) that

C
lellz.a,) < N2 (16)

where C is independent of N. For the adaptive grid, (15) can be used
together with the equidistribution principle (9) to get

Zi 2 Zi 2
elle e <o [ a2} sea [ /14 Sute e
, ! ky
= — 1 !
co <N/0 V1+(S..(2)) dz)

where cg = ¢1 pQSeq. Hence, there is also a bound of the form (16) in this
case (with a different constant C).

Tables 1 and 2 show the values of a numerical approximation to the
L, error L. (N) for regions of d =0.1,1,10 microns. The approxi-
mation was obtained by computing (14) on a refined grid with 10
evenly spaced points in each interval (z;_1,z;), i=1,..., N. Also
shown is the convergence rate « calculated by assuming a relationship
of the form L, (N) = C/N* and comparing neighbouring lines in the
table to obtain

(as in [24]). It is clear from these results that, on both grids, the bound
on the interpolation error (16) is sharp, that is, the error decays in
practice like N2 as predicted. Furthermore, for a given N, the adapt-
ive grid error is always smaller than the uniform one. This implies
that the constant C in (16) is smaller in the adaptive grid case so, in
practice, the same specified order of accuracy can be reached using
an adaptive grid with a smaller number of points.
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5. ACCURACY AND EFFICIENCY IN PRACTICE

For general situations (including the model problem described in
Section 2.2), the exact solution will not be available to use in error
computations. Accepted practice in the field suggests instead compar-
ing computed solutions with a numerical solution calculated using a
very fine uniform grid, using linear interpolation to obtain the values
of this fine grid solution at the current grid points. Here we use a fine
grid with N = 131072 and denote its interpolant by Sy. We also need to
replace the L., norm with a practical way of measuring the error based
only on computed solution values at node points: we will use the [,
norm defined by

Lo(N) = | max [S;(zi) — () (17)

where S; is as above and Sy is the computed solution for a
particular value of N. Note that we only consider the left half of the
domain z € [0,d/2] as that is where the solution is varying rapidly in
this example. Evaluating (17) leads to the values in Tables 3 and 4,
which are also plotted in Figure 3(a). Also shown is the convergence
rate «k calculated by assuming a relationship of the form
loo(N) = C/N* and comparing neighbouring lines in the table to obtain

The convergence rate here appears to be O(N~*) rather than O(N~2):
this is not surprising, as it is well known that the finite element
method can exhibit nodal superconvergence, when the numerical sol-
ution at node points is much more accurate than at intermediate
points [25].

It can be seen in Figure 3(a) that for two out of three cases, the error
with the adaptive grid is mostly smaller than the error with a uniform
grid with the same number of points. That is, a smaller number of
points are required to achieve a fixed order of accuracy with an adapt-
ive grid compared with a uniform one. The example where the reverse
is true is the one where the width of the boundary layer is relatively
large, that is, where the need for adaptivity is not clear. The plateau
effect in the error curves for the adaptive grids can be explained by
considering an important caveat associated with this error estimator.
When performing such a comparison with adaptive grids, care must be
taken to monitor the minimum grid size. The smallest element size
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FIGURE 3 Data on relative accuracy and efficiency of uniform and adaptive
grids. (a) Comparison of uniform grid (uni) and adaptive grid (ad) [, errors for
various region sizes, (b) CPU times (in seconds) required to solve (6) on various
adaptive and uniform grids.

decreases very rapidly in the region of the boundary layer, so that even
for grids with fairly small N, some elements may be smaller than those
in the fine uniform grid (with N = 131072). This means that the [
error (17) will be ‘polluted’ by interpolation issues in the boundary
layer region. For this problem, the length of the smallest element (in
microns) for each of the grids used is given in Table 5. For a region
of size d =0.1 microns, there is no problem. However, for d =1
micron, the grids with NV = 2048,4096,8192 have elements smaller
than the smallest fine grid element. Similarly, for d = 10 microns,
the grids with V = 256, ...,8192 have the same problem.

Having established that an adaptive grid can improve accuracy
(for a fixed number of grid points), we now consider the overhead
associated with the computation of the adaptive grid points which
should be taken into account when assessing the overall efficiency
of the approach. To illustrate this, we focus on a region of length
d = 1 micron. The number of points and CPU time in seconds required
for the solution of (6) on various grids are listed in Table 6. The specific
grids listed are those with smallest N which give accuracy within a
specified tolerance, measured using /., with Sy and Sy as before.
The cost of calculating the adaptive grid is listed separately. The %
speedup is calculated by taking the difference of the total uniform
and adaptive grid times as a percentage of the uniform grid time.
A graphical comparison of the total times for computation is given
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TABLE 6 CPU Times (in Seconds) Required to Solve (6) on Various Adaptive
and Uniform Grids

Uniform grid Adaptive grid
Tolerance N Total N Solve Grid Total % speedup
1x10™* 174 1.937le—1 115 1.9491e—1 7.6075e —4 1.9590e — 1 -1.13
1x107° 338 2.3071e—1 258 2.2016e —1 9.7614e —4 2.2137e—1 4.05
1x1076 568 2.5882e —1 476 2.4822¢ —1 1.3882e —3 2.4344e —1 5.94

1x107 1051 3.2753e —1 817 2.7932e —1 1.9825e —3 2.8150e — 1 14.05

in Figure 3(b) where the horizontal axis represents the required
tolerance (on a logarithmic scale) and the vertical axis shows the total
CPU time in seconds for each grid. We observe that the relative
efficiency of the adaptive method improves as higher accuracy (smaller
tolerance) is required.

It is important that we do not place too much emphasis on these
results as it is difficult to quantify efficiency in a meaningful way for
these model 1D problems. They involve only the solution of a single
ODE, which is relatively cheap to solve numerically. We anticipate,
however, that for higher-dimensional problems with full Q-tensor
theory, this will no longer be the case and the efficiency saving from
adaptive grids will become more pronounced.

6. OBSERVATIONS AND CONCLUSIONS

In this article we have presented the results of a feasibility study of
the use of moving mesh methods for solving one-dimensional problems
in Q-tensor theory. The specific method used, that is, that of equidis-
tributing the arc-length of some property of the solution, proved to be
very effective. For a model problem with an exact solution, it was
shown that the adaptive grids provided the same level of accuracy
as uniform grids, but using far fewer points, resulting in a computa-
tional saving. The results of further experiments on a more realistic
1D order reconstruction problem are presented in [26]. In that case
the material is no longer uniaxial so a system of 6 coupled PDEs must
be solved in conjunction with the moving mesh. The results stated
there support the observations made here, that significant computa-
tional savings can be made with the moving mesh method. Finally,
we anticipate that adaptive grid methods have the potential for simi-
lar gains in two- and three-dimensional problems, and have begun
work to verify this.
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